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Abstract

Elementary matrices play an important role in linear algebra applications. In

this paper, we represent all the elementary matrices of size 2m × 2m using alge-

braic ZX-calculus. Then we show their properties on inverses and transpose using

rewriting rules of ZX-calculus. As a consequence, we are able to depict any ma-

trices of size 2m × 2n by string diagrams without resort to a diagrammatic normal

form for matrices as shown in [15]. By doing so we pave the way towards visual-

ising by string diagrams important matrix technologies deployed in AI especially

machine learning.

1 Introduction

Matrices are used everywhere in modern science, like machine learning [11] or quan-

tum computing [12], to name a few. Meanwhile, there is a graphical language called

ZX-calculus that could also deal with matrix calculations such as matrix multiplica-

tion and tensor product [2, 3]. Then there naturally arises a question: why are people

bothering with using diagrams for matrix calculations given that matrix technology has

been applied with great successes? There are a few reasons for doing so. First, there

is a lot of redundancy in matrix calculations which could be avoided in graphical cal-

culus. For example, to prove the cyclic property of matrices tr(AB) = tr(BA), all the

elements of the two matrices will be involved, while in graphical language like ZX-

calculus, the proof of the cyclic property is almost a tautology [4]. Second, matrix

calculations always have all the elements of matrices involved, thus a “global” opera-

tion, while in ZX-calculus, the operations are just diagram rewriting where only a part

of a diagram is replaced by another sub-diagram according to certain rewriting rule,

thus essentially a “local” operation which makes things much easier. Finally, graphical

calculus is much more intuitive than matrix calculation, therefore a pattern/structure is

more probably to be recognised in a graphical formalism. In fact, as a graphical calcu-

lus for matrix calculation, ZX-calculus has achieved plenty of successes in the field of

quantum computing and information [1, 5, 7, 13]

For research realm beyond quantum, traditional ZX-calculus [2] is inconvenient

as “it lacks a way to directly encode the complex numbers” [18]. To remedy this
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inconvenience while still preserving its powerfulness, we introduced an “extended”

version called algebraic ZX-calculus with new generators added in (not a real extension

in the sense that the new generators can be expressed by the original generators) [14].

In this paper, we first represent elementary matrices [8] of size 2m × 2m in ZX dia-

grams with some examples, then we show by diagrams some properties of elementary

matrices regarding their inverses and transpose. Finally we demonstrate how to repre-

sent an arbitrary matrix of size 2m × 2n in ZX diagrams. The results of this paper can

be generalised from the filed of complex numbers to arbitrary commutative semirings

due to the completeness of algebraic ZX-calculus over semirings [16].

2 Algebraic ZX-calculus

In this section, we give a brief introduction to algebraic ZX-calculus by showing its

generators, standard interpretation and rewriting rules. More details about algebraic

ZX-calculus can be found in [14] and [15]. First we give the generators of algebraic

ZX-calculus as follows:

R
(n,m)

Z,a
: n→ m

m

n

a

...

...

I : 1→ 1

H : 1→ 1 σ : 2→ 2

Ca : 0→ 2 Cu : 2→ 0

T : 1→ 1 T−1 : 1→ 1
-1

Table 1: Generators of algebraic ZX-calculus, where m, n ∈ N, a ∈ C.

For simplicity, we make the following conventions:

...

α

...

:=

1:=

...

eiα :=

...

...

...

......

· ·
·

·

·

·

·

·

··

·
·
·

·
·

·
:=

τ :=

...

...
...
τ

...
−1
2:=

−1
−1 (H)
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· · ·
· · ·

:=

· · ·

∧

· · ·

· · ·

:=-1

· · ·

aa

· · ·

-1

∨

· · ·

:=

(1)

where α ∈ R, τ ∈ {0, π}. As a consequence,

a
=

· · ·

· · ·

a

∧

· · ·

=
a

· · ·

· · ·

∧· · ·

∨

· · ·

=

· · ·

∧

(2)

There is a standard interpretation J·K for the ZX diagrams:

u
wwwwwwwv

m

n

a

...

...

}
�������~

= |0〉⊗m〈0|⊗n+a|1〉⊗m〈1|⊗n
,

u
wwwwwwwv

m

n

...

...

}
�������~

=
∑

0≤i1,··· ,im, j1,··· , jn≤1
i1+···+im≡ j1+···+ jn(mod 2)

|i1, · · · , im〉〈 j1, · · · , jn|,

t |
=

(

1 1

1 −1

)

,

t |
=

(

1 1

0 1

)

,

t
-1

|
=

(

1 −1

0 1

)

,

t
π

|
=

(

0 1

1 0

)

,

t|
=

(

1 0

0 1

)

,

t |
=





1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1





,

u
v

}
~ =





1

0

0

1





,

t |
=

(

1 0 0 1
)

,

t
·

·
·
·

·

·

· ··

·

·

·
·

·

·

· |
= 1,

JD1 ⊗ D2K = JD1K ⊗ JD2K, JD1 ◦ D2K = JD1K ◦ JD2K,

where

a ∈ C, |0〉 =

(

1

0

)

, 〈0| =
(

1 0
)

, |1〉 =

(

0

1

)

, 〈1| =
(

0 1
)

.

Remark 2.1 For convenience, we often ignore the symbol of interpretation JK and

equalise matrices and diagrams directly.

Next we present a set of rewriting rules for algebraic ZX-calculus [15].
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...
a

...
b

ab

...
...

...

...

=

...

ab

...

=

...

(S 1) = = (S 2)

= = (S 3)

·

·

·

·

·
a

· ·

·
·

· ·

·

·

= ·
·

·

(Ept)

= (B1) = (B2)

π
π

=
π

(B3) =

-1

(Brk)

= (Bas0) =
π

(Bas1)

a a + 1
= (S uc) -1 =

-1

= (Inv)

0
= (Zero) = −2 (EU)

=
(S ym)

=
(Aso)

=

a

aa

(Pcy)

Figure 1: Algebraic rules, a, b ∈ C. The upside-down flipped versions of the rules are

assumed to hold as well.
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3 Elementary matrices in ZX diagrams

In this section, we show how to represent elementary matrices of size 2m × 2m in alge-

braic ZX-calculus. Elementary matrices correspond to elementary operations on matri-

ces: left multiplication by an elementary matrix stands for elementary row operations,

while right multiplication stands for elementary column operations.

There are three types of elementary matrices, the first type performs the row (col-

umn) multiplication:

Ri×(a) = Ci×(a) =









1 · · · 0 · · · 0 r0

.

.

.
. . .

.

.

.

0 · · · a · · · 0 ri

.

.

.
. . .

.

.

.

0 · · · 0 · · · 1 r2m−1

The second type performs the row (column) addition:

Ri×(a)+ j = C j×(a)+i =









1 · · · 0 · · · 0 · · · 0 r0

.

.

.
. . .

.

.

.

0 · · · 1 · · · 0 · · · 0 ri

.

.

.
. . .

.

.

.

0 · · · a · · · 1 · · · 0 r j

.

.

.
. . .

.

.

.

0 · · · 0 · · · 0 · · · 1 r2m−1

The third type performs the row (column) switching:

Ri↔ j = Ci↔ j =









1 · · · 0 · · · 0 · · · 0 r0

.

.

.
. . .

.

.

.

0 · · · 0 · · · 1 · · · 0 ri

.

.

.
. . .

.

.

.

0 · · · 1 · · · 0 · · · 0 r j

.

.

.
. . .

.

.

.

0 · · · 0 · · · 0 · · · 1 r2m−1

Note that we count the rows from 0 to 2m − 1.

Below we give the representation of the three kind of elementary matrices in The-

orems 3.1, 3.4, and 3.7. Suppose {ek | 0 ≤ k ≤ 2m − 1} are the 2m-dimensional standard
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unit column vectors (with entries all 0s except for one 1):

ek =









0 r0

.

.

.

1 rk

.

.

.

0 r2m−1

where ri denotes the i-th row, 0 ≤ i ≤ 2m − 1,m ≥ 1. Then

|am−1 · · · ai · · · a0〉 = e∑m−1
i=0 ai2i , (3)

where ai ∈ {0, 1}, 0 ≤ i ≤ m − 1 [9].

Theorem 3.1 (Row multiplication) For any 2m×2m matrix, the i-th (0 ≤ i ≤ 2m−1) row

(column) multiplied by any number a (including 0) can be represented as

Ri×(a) =

a

ā0πām−1π ākπ

∧

... ...

......

0km − 1

where i =
∑m−1

k=0 ak2k
, ak ∈ {0, 1}, āk = ak ⊕ 1,⊕ is the modulo 2 addition.

Proof: Note that ak ⊕ āk = 1. Then we have

......

...

∧

a

ākπām−1π

...
ā0π

=

am−1π akπ a0π akπ

...

π

am−1π a0π

∧

π π
... =

a

...

...

am−1π akπ a0π

......

a

π

k 0m − 1 k 0m − 1 k 0m − 1

= ae∑m−1
k=0 ak2k

For any other inputting state cm−1π, · · · ckπ, · · · , c0π, there must be a j such that a j , c j,

i.e., c j = ā j, therefore one get

cm−1π c0π

...

=

ckπ c0π

π

... ...

a

...

ckπ

π

...

...

∧

cm−1π

k 0m − 1 k 0m − 1

= e∑m−1
k=0 ck2k

�
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Remark 3.2 In particular, if m = 1, then the diagram becomes

∧

ā0π

a

ā0π

=

a

∧ =ā0π

ā0π

a

ā0π

ā0π

Example 3.3 Let

R1×( 1
3

) =





1 0 0 0 0 0 0 0

0 1
3

0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 1 0 1 0

0 0 0 0 0 0 0 1





Here m = 3, i = 1 = 0 · 22 + 0 · 21 + 1 · 20
, so ā2 = 1, ā1 = 1, ā0 = 0. Therefore, R1×( 1

3
) =

π

1
3

∧

π

Theorem 3.4 (Row addition) Suppose i = am−12m−1 + · · ·+ a js
2 js + · · ·+ a j12

j1 + · · ·+

a020
, ak ∈ {0, 1}, āk = ak ⊕ 1,⊕ is the modulo 2 addition, j = am−12m−1 + · · · + ā js

2 js +

· · ·+ ā j12
j1 + · · ·+a020, 0 ≤ j1 < · · · < js ≤ m−1, 1 ≤ s ≤ m. In other words, j1, · · · , js

are exactly the bit positions where the numbers i and j differ. Then

Ri×(a)+ j =

......

∧

a

ā j1
πām−1π ā0πā jsπ

...

j1jsm − 1 0

... ......

Proof: The i-th column of Ri×(a)+ j should be ei + ae j, and the other columns are just of

7



the form ek. First for the i-th column we have

a

js

ā0πām−1π

...

0

...

m − 1

...

ā jsπ

...

ā j1
π

∧

...

j1

...

a jsπ a j1
πam−1π a0π

=

m − 1

π

...

js

π π

...

0

a j1
π

...

a0π

...

...

π

a

a jsπ

=∧

j1

am−1π

...

am−1π

...

a0π

...

...

0js

a

a jsπ

......

...

j1m − 1

a j1
π

= |am−1
m−1

· · · a js

js

· · · a j1
j1

· · · a0
0

〉 + a|am−1
m−1

· · · ā js

js

· · · ā j1
j1

· · · a0
0

〉 = ei + ae j

For any other inputting state cm−1π, · · · ckπ, · · · , c0π, there must be a j such that a j , c j,

i.e., c j = ā j, therefore one get

=

cm−1π

...

c0π

...

...

π

0

π π

js

a

c jsπ

......

∧

...

j1m − 1

π

c j1
π

...

...

c jsπ c0πc j1
πcm−1π

...

m − 1

...

js 0j1

...

...

= e∑m−1
k=0 ck2k

�

Remark 3.5 In particular, if m = 1, then the diagram becomes

ā0π

∧

a

ā0π

= ∧

a

=
ā0π

ā0π

=

a

ā0π

ā0π

ā0π

a
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Example 3.6 Let

R1×(2)+3 =





1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 2 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 1 0 1 0

0 0 0 0 0 0 0 1





Here m = 3, i = 1 = 0 · 22 + 0 · 21 + 1 · 20
, j = 3 = 0 · 22 + 1 · 21 + 1 · 20

, so

ā2 = 1, ā1 = 1, ā0 = 0, j1 = 1, s = 1. Therefore, R1×(2)+3 =

∧

a

π π

Theorem 3.7 (Row switching) Suppose m ≥ 2, i = am−12m−1 + · · · + a js
2 js + · · · +

a jk 2
jk + · · · + a j12

j1 + · · · + a020
, ak ∈ {0, 1}, āk = ak ⊕ 1,⊕ is the modulo 2 addition,

j = am−12m−1 + · · ·+ ā js
2 js + · · ·+ ā jk2

jk + · · ·+ ā j1 2 j1 + · · ·+ a020, 0 ≤ j1 < · · · < jk <

· · · < js ≤ m − 1, 1 ≤ s ≤ m. In other words, j1, · · · , js are exactly the bit positions

where the numbers i and j differ. Then

Ri↔ j =

js

ā0πām−1π

...

0

...

m − 1

...

(a j1
+a js )π

...

(a j1
+a jk

)π

∧

...

j1

...

jk

...

Note: There are wires between the red spiders labelled (a j1 + a jx
)π and the green spider

at wire j1.

Proof: The state |am−1 · · · a js
· · · a jk · · · a j1 · · · a0〉will be sent to |am−1 · · · ā js

· · · ā jk · · · ā j1 · · · a0〉

by Ri↔ j and vice versa, while the other states are remain unchanged under the action

9



of Ri↔ j. First for the i-th column we have

(a j1
+a jk

)π
ām−1π

m−1 j1

∧

...

(a j1
+a js )π

...

ā0π

...

...

...

...

js jk

...

0

a jsπam−1π a j1
πa jk

π a0π

=

am−1π

∧

... ...

0

π

a0π

m−1 jk

a jsπ

js

π

a jk
π a j1

π

=

π

j1

π

...

... ...

...... ...

...

am−1π

j1m−1

a0πā jsπ ā j1
π

js jk 0

ā jk
π

...... ...

Similarly, we have

...

m − 1

=

......... ...

∧

0

...

0 j1

ām−1π

m − 1 jk js

...

js

ā0π

(a j1
+a jk

)π

j1

...

(a j1
+a js )π

... ...

...

jk

a jk
πam−1π a jsπ a j1

π a0πā jsπ ā j1
πam−1π a0πā jk

π

For any other input state cm−1π, · · · ckπ, · · · , c0π (corresponding to u), if u is differ-

ent from i and j in some place that beyond the set { j1, · · · , js}, then there must be a j

10



such that a j , c j, i.e., c j = ā j, therefore one get

π

cm−1π

...

...

...

c jk
π

...

c0π

c j1
π

c j1
π

∧

0

...

=

π

...

...

... ...

c jsπ

∧

cm−1π

...

j1

...

0 m − 1

c jsπ

ām−1π ...

c0π

m − 1 jsjk jk

...

js

ā0π

c jk
π

(a j1
+a jk

)π
π

j1

(a j1
+a js )π

... ...

π

j

c jπ

...

ā jπ

c jπ

j

...

...

c jsπ

=

cm−1π c jπ

m − 1

... ...

c j1
π

j1jk

...

0js

c jk
π c0π

j

...

If u is different from i and j only in some places that belong to the set { j1, · · · , js}, say

js and jk (since i and j are different in these places, the number of places where u is

different from i and j must be at least 2). If c jk = a jk , then c js
, a js

(otherwise u won’t

be different from i at places js and jk), i.e., c js
= ā js

. Therefore, c jk + c js
= a jk + ā js

,

a jk+a js
. Similarly, If c jk = ā jk , then we still have c jk+c js

, a jk+a js
. Now we claim that

it is impossible that both c jk + c j1 = a jk + a j1 and c js
+ c j1 = a js

+ a j1 hold. Otherwise,

we could sum up (modulo 2) these two equalities and then get c jk +c js
= a jk +a js

which

is a contradiction. Hence either c jk + c j1 = a jk + a j1 or c js
+ c j1 = a js

+ a j1 . Assume

c js
+ c j1 = a js

+ a j1 , then we have

...

c jsπ

=

cm−1π

...

cm−1π

... ...

c j1
π

∧

...

ā0π

m − 1

...

c j1
π

(a j1
+a js )π

...

...

c0π

∧

c jk
π

0

c jk
π

m − 1

π

c0π

(a j1
+a jk

)π

...

......

0j1

......

cm−1π

m − 1 js

...

js

π

0 j1

c jsπ

jkjk

=

π

c j1
π

...

...

c jk
π

js

c0π

jk

... ...

c jsπ

...

ām−1π ...

j1

�
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Remark 3.8 Note that for the special case when s = 1, we have a j1 = a js
, therefore

(a j1 + a js
)π = π. Then

Ri↔ j =

ām−1π

m − 1 j1

∧

...

...

ā0π

...

...

0

...

ām−1π

∧

0

...

m − 1

...

...

j1

ā0π

=

π

j1m − 1

ām−1π

...

∧

......

ā0π

=

0

...

π

Also for the special case when m = s = 2, we have a jk = a js
, a0 = ā1, therefore

(a1 + a0)π = 0. Then

Ri↔ j =

1 0

= ∧ =

1 0

∧

1 0

=

1 0

= =

0 011

If m = 1, then s = 1 since i , j, therefore

Ri↔ j = =

π

∧

π π

∧

π

=
−1

= π

Example 3.9 Let

R1↔7 =





1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 1 0 0 0 0 0 0





Here m = 3, i = 1 = 0 · 22 + 0 · 21 + 1 · 20
, j = 7 = 1 · 22 + 1 · 21 + 1 · 20

, so

12



ā2 = 1, ā1 = 1, ā0 = 0, j1 = 1, j2 = 2, s = 2. Therefore, R1↔7 =

∧

π

4 Properties of diagrammatic elementary matrices

In this section, we show by diagrams some properties of elementary matrices on their

inverses and transpose.

Lemma 4.1 [15]

m m

...
ππ

...

=
π

Lemma 4.2 [6]

=
...

...

...
...

Lemma 4.3 [15]

m

n

m

n

...

...

...

...

∧

∧
...

=

∧ ...

Lemma 4.4 [10] For any k ≥ 0, we have

kk

. . .

=. . .

...
∧

∧

∧

13



Lemma 4.5

Ri↔ j =

ām−1π

0jk

...

m − 1

∧

...

...

js

ā0π

......

...

j1

...

bsπ bkπ

=

ā0π

...

bsπ

m − 1

...

bkπ

ām−1π

js jk

...

...

...

...

j1 0

∧

...

...

...

where bs = (a j1 + a js
), · · · , bk = (a j1 + a jk ).

Proof:

ām−1π

jk

ā0π

...

...

j1

...

bkπ

...

...

∧

...

=

0

bsπ

js

... ... ...

0

ām−1π

...
...

bkπ

......

=

...

j1

ā0π

...

js

...

m−1

∧

jk

bsπ

=

∧

j1

...

......

js

...

ā0πām−1π

jk

...

bkπ

...

bsπ

0

...

...

...

jk

...

...

...

j1

...

ā0πbsπ

0

... ...

...

ām−1π

∧

bkπ

js

=

0

ām−1π ā0π

......

∧

bsπ

... ...

js

bkπ

...

j1

...

...

jk

...

m−1 m−1

m−1 m−1 j1

∧

...

0

ām−1π

.........

... ...

bsπ

...

=

jk

...

m−1 js

bkπ ā0π

14



∧

...

...

=

...

...

m − 1 j1

ām−1π

...

bsπ bkπ

jk

ā0π

...

...

0

...

js

where the last equality is obtained using the same method as previous steps. �

Lemma 4.6 [15]

b

1m

· · ·· · ·

a

· · ·

j1js

=

· · ·· · · · · ·

a+b

1j1jsm
· · ·

j1

a

1

=

m

· · · · · ·

b

js

Lemma 4.7 [15]

π
==

Proposition 4.8 Suppose a , 0, a ∈ C. Then R−1
i×(a)
= Ri×( 1

a
), i.e.,Ri×(a)Ri×( 1

a
) = Ri×( 1

a
)Ri×(a) =

I.

Proof: Ri×( 1
a

)Ri×(a) =

...

ām−1π ākπ

...

∧

a

...

...
ā0π

...

ām−1π ākπ

...

∧
1
a

...

...
ā0π

=

...

...

...

∧

∧

1
a

=

...

a

ām−1π ākπ ā0π

ākπ ā0πām−1π

ākπām−1π ā0π

ākπām−1π ā0π ā0πākπ

...

... ...

a

1
a

ām−1π

ām−1π

ākπ ā0π

∧

...

∧
...

∧

...

ākπ

ām−1π

=

ā0π

1
a

ākπ

ā0πām−1π

a

... ...=

15



Ri×(a)Ri×( 1
a

) = I can be proved similarly. �

Proposition 4.9 R−1
i×(a)+ j

= Ri×(−a)+ j, i.e.,Ri×(−a)+ jRi×(a)+ j = Ri×(a)+ jRi×(−a)+ j = I.

Proof: Ri×(−a)+ jRi×(a)+ j =

...

0

...

...

js j1

ā j1
π

a

...

∧

...

ā0π

...

m − 1

ā jsπām−1π

ām−1π

...

...

ā j1
π

...

ā jsπ

... ...

...

ā0π

∧

−a

=

...

...

...
−a

...

js

=

...

...

a

...

0

...

...

...

j1

...

∧

...

m − 1

∧

ā0πā j1
πā jsπām−1π

ā jsπ ā j1
π ā0πām−1π

ā jsπ ā j1
π ā0πām−1π

ām−1π ā j1
πā jsπ ā0π

j1

...

...

...

∧

ā0π

a
... ...

...

...

...

ā jsπ

ām−1π

...

...

−a

js

ā j1
πām−1π ā0π

m − 1 0

ā jsπ

...

ā j1
π

∧

...

4.6
= ∧

ām−1π

...

j1

ā j1
π

ā j1
π ā0πā jsπ

...

ām−1π

...

...

m − 1

...

ā jsπ ā0π

a−a

js 0

...

...

ā jsπ ā0π

ā jsπ

=

j1

ām−1π

...

m − 1

... ...

...

∧

js

ā0πā j1
π

0

ā j1
π

...

ām−1π

= ...... ...

Ri×(a)+ jRi×(−a)+ j = I can be proved similarly. �

Proposition 4.10 R−1
i↔ j
= Ri↔ j, i.e.,Ri↔ jRi↔ j = I.

16



Proof: Ri↔ jRi↔ j =

bsπ

...

ām−1π

... ...

bkπ

......

4.5
=

...

ā0π

...

...

∧

bsπ

...

ām−1π

0

... ...

bkπ

.........

j1

ā0π

...

js

...

∧

m−1 jk

...

...

ām−1π

bkπ

...

∧

bsπ

...

ā0π

...

...

...

...

...

...

ām−1π

0js

bkπ

...

∧

bsπ

jk

...

ā0π

...

j1

...

...

... ...

...

...

...

js

...

0

...

j1

...

∧

∧

...

...

...

jk

...

...

...

... ...

...

m−1m−1

ām−1π

ām−1π

ām−1π

ām−1π

bsπ

bsπ

bsπ

bsπ

bkπ

bkπ

bkπ

bkπ

=

ā0π

ā0π

ā0π

ā0π

=

ā0π

...

...

bkπ

js

bsπ ∧

...

...

......

...

...

ā0π

0

...

j1

bkπ

...

m−1

∧

ām−1π

...

...

...

...

ām−1π

bsπ

jk

...

...

...

...

m−1 js

ā0π

...

...

bsπ

...

=
...

...

... ...

ā0π

jk

...

bkπ

...

bkπ

0

ām−1π

...

∧

...

...

j1

ām−1π

...

bsπ

...

bkπ

...

...

0

...

ām−1π

bsπ

j1

ā0π

bkπ

m−1

...

jk

...

∧

...

js

ā0π

...

ām−1π

...

bsπ

...
...

...

... ...

...

=

js j1m−1 0jk

=

............

�

Proposition 4.11 RT
i×(a)
= Ri×(a).

17



Proof: RT
i×(a)
=

...

ām−1π ākπ

...

∧

a

...

...
ā0π

=
∨

ākπ ā0π
...

...

...

a

...

ām−1π

∧

ā0π

... ...

a

...
ām−1π ākπ

...
=

∧

ākπ ā0π

...

...

...

a

...

ām−1π

=

= Ri×(a)

�

Proposition 4.12 RT
i×(a)+ j

= R j×(a)+i.

Proof: Note that i = am−12m−1 + · · ·+ a js
2 js + · · ·+ a j12

j1 + · · ·+ a020
, ak ∈ {0, 1}, āk =

ak ⊕1,⊕ is the modulo 2 addition, j = am−12m−1 + · · ·+ ā js
2 js + · · ·+ ā j1 2 j1 + · · ·+a020,

0 ≤ j1 < · · · < js ≤ m − 1, 1 ≤ s ≤ m, so j is different from i exactly in the j1, · · · , js

places in their binary expansions. Then RT
i×(a)+ j

=

...

0

...

...

js j1

ā j1
π

a

...

∧

...

ā0π

...

m−1

ā jsπām−1π

=

js 0

a

ā j1
π

...

...
...

...

∨

...

m−1

...

ā0π

j1

ām−1π ā jsπ

=

m−1 j1js 0

a

ā j1
π

...

... ...

...

∧

...

...

ā0πām−1π ā jsπ

...

ām−1π

......

=

...

js

......

ā j1
π ā0π

m−1

∧

a

ā jsπ

j1 0

ā j1
π

...

m−1

...

ā0π

∧

j1

ā jsπ

...

0js

ām−1π

...

=

a

...

...

18



ā j1
π

j1

a j1
π

j1

a

a jsπ

= 4.7
=

ā jsπ ā0π

...

...

...

0js

...

...

...

...

js

...

0

...

a

ā0π

m−1

......

ām−1π

m−1

ām−1π

...

= R j×(a)+i

�

Proposition 4.13 RT
i↔ j
= Ri↔ j.

Proof: Note that i = am−12m−1 + · · ·+ a js
2 js + · · ·+ a j12

j1 + · · ·+ a020
, ak ∈ {0, 1}, āk =

ak ⊕1,⊕ is the modulo 2 addition, j = am−12m−1 + · · ·+ ā js
2 js + · · ·+ ā j1 2 j1 + · · ·+a020,

0 ≤ j1 < · · · < js ≤ m − 1, 1 ≤ s ≤ m, so j is different from i exactly in the j1, · · · , js

places in their binary expansions. Then RT
i↔ j
=

bsπ

...

ām−1π

0

... ...

bkπ

......

=

...

j1

ā0π

...

js

...

∧

m−1 jk

...

...

...

bsπ

...

...

bkπ ā0π

...

ām−1π

...

...

∨

jsm−1 j1 0jk

=

...

...

...

bsπ

...

...

bkπ ā0π

...

ām−1π

...

...

∧

js j1m−1 0jk

...

jk

...

ām−1π bsπ

0

bkπ

...

ā0π

......

m−1

∧
4.2
=

j1

...

js

...

...

...... ...

...

ā0πbsπām−1π

...

...

...

...

0jk

bkπ

∧

m−1 js

...
...

=

...

j1

...

...

...

...

ām−1π ā0πbsπ

...

∧

...

bkπ

... ...

...

=

jk j1 0m−1 js

= Ri↔ j
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where bs = (a j1 + a js
), · · · , bk = (a j1 + a jk ). �

Proposition 4.14 Ri×(a)Ri×(b) = Ri×(ab).

This follows directly from Lemma 4.1, Lemma 4.4 and the rule (S1).

Proposition 4.15 Ri×(a)+ jRi×(b)+ j = Ri×(a+b)+ j.

This follows directly from Lemma 4.1 and Lemma 4.6.

5 Represent matrices by string diagrams

In this section we show how to represent an arbitrary matrix A of size 2m × 2n as

ZX diagrams. The idea is to use elementary transformations to turn A into a simple

matrix which can be easily represented in ZX, then we apply the inverse operations

diagrammatically to get the diagram for A.

As is well known in linear algebra, any matrix A can be turned into a reduced

row echelon form by means of a finite sequence of elementary row operations. If we

further allow elementary column operations to be used, then A can be transformed to a

standard form:

C =

(

Er O

O O

)

2m×2n

where r is the rank of A, and Er is an identity matrix of order r. Below we show that C

can be represented as a ZX diagram.

Proposition 5.1 Any matrix A of size 2m × 2n can be represented by a ZX diagram.

Proof: If m ≤ n, then C =
(

K O
)

2m×2n
= (10 · · ·0

︸  ︷︷  ︸

2n−m

) ⊗ K, where the O in C is a zero

matrix of size 2m × (2n − 2m),

K =





Er · · · O
.
.
.
. . .

.

.

.

O · · · O





2m×2m

Since (10 · · ·0
︸  ︷︷  ︸

2n−m

) =

n −m

, and K can be represented by sequential composition of

2m − r row multiplication elementary matrices (multiplying 0) of size 2m × 2m whose

diagrammatic representation is shown in Theorem 3.1 as

∧

ām−1π

...

......

0

ā0πākπ

...

20



Therefore, C can now be represented by string diagrams.

If m > n, then C =

(

K′

O

)

2m×2n

=





1

0
.
.
.

0





2m−n×1

⊗ K′, where the O in C is a zero matrix of

size (2m − 2n) × 2n,

K′ =





Er · · · O
.
.
.
. . .

.

.

.

O · · · O





2n×2n

Since





1

0
.
.
.

0





2m−n×1

=

m − n

, and K′ can be represented by sequential composition of

2n−r row multiplication (by 0) elementary matrices of size 2n×2n whose diagrammatic

representation is shown in Theorem 3.1, C can now be represented by diagrams.

To summarise, C can always be represented by a ZX diagram, also each elemen-

tary matrix can be represented by a ZX diagram, therefore, if we reverse the procedures

from A to C, we then get the diagrammatic representation of A. �

Remark 5.2 In practice, it is not necessary to go from the beginning to the last step

(standard form). You can stop at anywhere you know how to represent the correspond-

ing matrix in ZX diagrams.

Example 5.3 Given an arbitrary 2 × 2 matrix X, let

X =

(

a b

c d

)

.

If X is a zero matrix, then X = π . Otherwise, we assume a , 0. Then

(

a b

c d

)
R

0×( 1
a )

−→

(

1 b
a

c d

)
R0×(−c)+1

−→

(

1 b
a

0 d − bc
a

)
C

0×(− b
a )+1

−→

(

1 0

0 d − bc
a

)

= k

where k = d − bc
a

. Reverse the procedure, considering i = 0 × 20
, a0 = 0, j = 1 × 20,

then we obtain the diagram for the matrix X:
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X =
R0×(c)+1

R0×(a)

C
0×( b

a )+1

=

k

k

π

c

b
a

π

π π

∧

a

k

∧

=

a

c

π

π

π

π

π

π

=

c

k

a

k

c
a

a

π

π

=

k

=

π

π

c
a

a

b
a

π

π

a

b
a

=

π

π

π
k
a

c
a

π

b
a

π

b
a

π

b
a

6 Further work

In this paper, we first show how to represent elementary matrices of size 2m × 2m in

ZX diagrams. Based on that, we depict arbitrary matrix of size 2m × 2n via algebraic

ZX-calculus.

Next, we would like to represent some useful matrix technologies like singular

value decomposition (SVD), QR decomposition and lower–upper (LU) decomposition

using algebraic ZX-calculus, which we hope could pave the way towards visualising

important matrix technologies deployed in machine learning.

Although there is a normal form for arbitrary finite dimensional vectors [17], which

means any finite matrix can be represented in higher dimensional ZX diagrams via

map-state duality [4], we still look for a simple representation for all kinds of elemen-

tary matrices of arbitrary size (some kinds of elementary matrices of size dm × dm for

any positive integer d have been given in [17]), so that any finite matrix can be repre-

sented in ZX diagrams in a similar way as shown in this paper.
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